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a b s t r a c t 

The crop-water production function quantitatively evaluates the relationship between seasonal water use 

and crop yield and is used to evaluate optimal irrigation depth and assess the potential of deficit and 

supplemental irrigation. A simple and easily applicable methodology to develop crop- and region-specific 

crop-water production functions using crop coefficients and sensitivity-indices is presented. Previous 

efforts to describe the crop-water production function have not accounted for the effects of the temporal 

distribution of water use and trivialize the associated variability in yields by assuming an optimized or 

arbitrary temporal distribution. The temporal distribution of water use throughout the growing season 

can significantly influence crop yield, and the ability of farmers to manage both the timing and amount 

of irrigation water may result in higher yields. We propose crop kites , a tool that explicitly acknowledges 

crop yield as a function of the temporal distribution of water use to both evaluate the complete space 

of water use and crop yield relationships, and extract from this space specific crop-water production 

functions. An example for winter wheat is presented using previously validated crop-specific sensitivity 

indices. Crop-water production functions are extracted from the crop kite related to specific irrigation 

schedules and temporal distributions of water use. Crop-water production functions associated with 

maximizing agricultural production agree with previous effort s characterizing the shape as a diminishing 

curvilinear function. Crop kites provide the tools for water managers and policy makers to evaluate 

crop- and region-specific agricultural production as it relates to water management and the associated 

economics, and to determine appropriate policies for developing and supporting the infrastructure to 

increase water productivity. 

© 2016 Elsevier Ltd. All rights reserved. 
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. Introduction 

Agriculture demands more water than any other process in the

orld. Globally, ∼20–30% of agricultural land is irrigated, with an

ssociated water demand estimated at 80% of global water with-

rawals and 90% of global water consumption ( Wada et al., 2013 ).

ncreasing demands and the continued intensification of agricul-

ure will likely continue to impact water resources and ecosystems

 Bruinsma et al., 2015; de Fraiture et al., 2007; Fereres and Soriano,

007; Foley et al., 2011; Godfray et al., 2010; Tilman et al., 2002 )

nd potentially burden already stressed planetary boundaries ( de

raiture et al., 2007 ). A large proportion of the population already

ives in water stressed regions, and this proportion is estimated to

ncrease to 50% under the status quo by the end of the century
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 Wada et al., 2014 ). The interplay between food security and wa-

er resources necessitates the development of new approaches to

etter understand initiatives that increase agricultural production

hile reducing our demands on water resources. 

Deficit and supplemental irrigation are irrigation practices that

imit the application of water use to generally sensitive growth

tages to either prevent crop failure, stabilize or increase crop

ields, or increase water productivity : the ratio of crop yield to

ater use ( Oweis and Hachum, 2009 ). Deficit irrigation is gener-

lly the limiting of irrigation water for predominately irrigation-fed

griculture, and supplemental irrigation is the practice of introduc-

ng limited irrigation for predominately precipitation-fed agricul-

ure ( Geerts and Raes, 2009 ). Deficit and supplemental irrigation,

ollectively herein referred to as limited irrigation practices , are ap-

ropriate initiatives for regions experiencing increased competition

or water resources, rising costs associated with water withdrawal

nd irrigation application, compromised surface water and ground-

ater availability, and a declining health of associated ecosystems

http://dx.doi.org/10.1016/j.advwatres.2016.09.010
http://www.ScienceDirect.com
http://www.elsevier.com/locate/advwatres
http://crossmark.crossref.org/dialog/?doi=10.1016/j.advwatres.2016.09.010&domain=pdf
mailto:mikhail.smilovic@gmail.com
mailto:tgleeson@uvic.ca
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( Barrett and Skogerboe, 1980; English, 1990; Fereres and Soriano,

20 07; Oweis and Hachum, 20 09; Pereira et al., 2002 ). Evaluat-

ing the potential of limited irrigation practices necessitates un-

derstanding and evaluating the relationship between seasonal wa-

ter use and crop yield, which is called the crop-water production

function. The crop-water production function provides a frame-

work for evaluating the multi-objective optimization of maximiz-

ing agricultural production, water productivity, and profit ( Barrett

and Skogerboe, 1980; English, 1990; Oweis and Hachum, 2009 ).

The motivations of the relevant agricultural economy may corre-

spond to and be bounded by limiting factors such as water and

land availability, irrigation infrastructure, and the ability of farmers

to manage and determine both the quantity and temporal distribu-

tion of irrigation water. The crop-water production function allows

for the associated agricultural economy to derive optimal solutions

acknowledging the bounds of its limiting factors and a weighing of

motivations. However, a simple and easily applicable methodology

to construct crop- and region-specific crop-water production func-

tions has yet to be developed. 

The objectives of this research are twofold: first, to facilitate the

development of crop- and region-specific crop-water production

functions with limited data that acknowledge the effects of the

temporal distribution of water use, and second, to highlight that

crop yield is significantly related to the temporal distribution of

water use throughout the season. This is necessary for regions in-

terested in evaluating full and limited irrigation practices, and the

methodology to determine crop-water production functions with

crop coefficients and sensitivity-indices, both discussed in detail

later on, is novel. To the best of our knowledge, there is no stan-

dard methodology to determine crop- and region-specific crop-

water production functions, especially those recognizing the effects

of irrigation scheduling. The visualization tool presented herein ex-

plicitly presents the entire range of yields associated with each sin-

gle seasonal water use. The literature on crop-water production

functions is largely focused only on developing one-dimensional

curves, and mostly without acknowledging the assumptions on the

temporal distribution of water use inherent in developing these

curves. This is an important concern because crop yields are sig-

nificantly determined by the temporal distribution of water use

and may be more sensitive to the timing of water deficit than the

magnitude of the deficit itself ( Barrett and Skogerboe, 1980; How-

ell and Hiler, 1975 ). Our research and methodology allow decision

makers to evaluate their current and proposed irrigation practices

by facilitating the development of the associated crop-water pro-

duction functions and presenting them in the context of the entire

space of seasonal water use-crop yield relationships. 

The relationship between temporal distributions of water use

and crop yield has been quantified generally using sensitivity-index

functions ( Doorenbos and Kassam, 1979; Geerts and Raes, 2009;

Jensen, 1968; Raes et al., 2006; Tafteh et al., 2013 ). These functions

acknowledge the effects of deficits throughout the season during

different growth stages. Crop yield is calculated by relating the

relative sensitivities of each growth-stage and the relative deficits

that befall each growth-stage. Sensitivity-index functions are dis-

cussed further in Section 2.3 . To the best of our knowledge, these

functions have yet to be analyzed over the domain of all possible

water distributions, or appropriately integrated with effort s to de-

fine the crop-water production function. 

To address the above described limitations, we present crop

kites , a tool to determine and evaluate the complete space of wa-

ter use and crop yield relationships where yield is a function of a

time-series of water use. A crop kite is the set of points associat-

ing to each seasonal water use its range of possible crop yields,

and this range relates to the possible temporal distributions of

the respective seasonal water use. Our objective is to more appro-

priately represent the crop-water production function to evaluate
conomically-optimal irrigation, water and agricultural productiv-

ty, and assess the potential of irrigation under water-limited con-

itions. Subsets of the crop kite are isolated to highlight particular

ensitivities and effects on yield given certain assumptions related

o the temporal distribution of water use. Crop-water production

unctions are extracted from the crop kite related to specific irri-

ation schedules and temporal distributions of water use. 

We present the methodology to construct crop- and region-

pecific crop kites by employing accessible and regionally avail-

ble data: reference evapotranspiration, crop growth-stage-specific

ensitivity-indices, and crop growth-stage-specific crop coefficients

o scale reference evapotranspiration to potential evapotranspira-

ion. This is a broadly applicable methodology – where locally-

erived crop coefficients and sensitivity-indices are not available,

eneral growth-stage-specific sensitivity-indices and crop coeffi-

ients appropriate for regional analyses for 21 different crops

ere determined by the FAO ( HYPERLINK " Doorenbos and Kas-

am, 1979), available at http://www.fao.org/nr/water/cropinfo.html .

hese results have been further evaluated by Moutonnet (2002) ,

nd validated by Raes et al. (2006) and Steduto et al. (2012) .

e significantly improve upon previous effort s to determine crop-

ater production functions by explicitly integrating the effects of

he temporal distribution of water use. 

. Crop-water production functions, crop coefficients, and 

ensitivity-indices 

Previous efforts to investigate the relationship between wa-

er use and crop yield have produced both crop-water produc-

ion functions and sensitivity-index functions. Both functions pro-

ide valuable information for the development of irrigation prac-

ices under water-limiting conditions. However, in isolation these

wo interpretations provide only limited perspectives which are in-

dequate to derive more general conclusions. Crop-water produc-

ion functions associate with each seasonal water use a single crop

ield, and sensitivity index functions showcase an entire range of

otential yields associated with each seasonal water use. We em-

loy sensitivity index functions to construct the crop kite and de-

ermine crop-water production functions by appropriately collaps-

ng the range of yields for each seasonal water use by assuming

ifferent irrigation schedules. 

Seasonal water use is defined as the total amount of water used

hroughout the growing season and crop yield as harvestable yield.

ater use may refer to evapotranspiration, transpiration, irrigation

ater applied, etc. depending on the context, and the methodol-

gy developed herein does not necessitate a particular interpreta-

ion. However, the case study elaborated on in this paper employs

ata related to evapotranspiration, and unless otherwise noted, wa-

er use will be interpreted as evapotranspiration, and the two may

e used interchangeably herein. 

.1. Crop-water production functions 

Crop-water production functions relate seasonal water use to

rop yield. Previous efforts to represent the crop-water production

unction have suggested adopting the general shape of, or fitting

eld data to linear ( Barrett and Skogerboe, 1980; English, 1990 ;

hang and Oweis, 1999 ), partially-linear ( Doorenbos and Kassam,

979; English, 1990 ; Zhang and Oweis, 1999 ), non-linear polyno-

ial ( English, 1990; Hargreaves and Samani, 1984; Kiani and Ab-

asi, 2012; Kumar and Khepar, 1980; Oweis and Hachum, 2009 ;

hang and Oweis, 1999 ), rational ( Kumar and Khepar, 1980 ), and

ogarithmic, as well as generally curvilinear functions ( Barrett and

kogerboe, 1980; English, 1990 ) or combinations thereof ( Fereres

nd Soriano, 2007; Geerts and Raes, 2009; Oweis and Hachum,

009 ). For a more complete list of representations as a function

http://www.fao.org/nr/water/cropinfo.html
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f seasonal water use, we refer the reader to Geerts and Raes

2009) . This variety may be due to the different cultivars and

limates investigated, as well as the significant disregard of the

ffects of the temporal distribution of water use. Water deficit

ay affect crop yield differently relative to the sensitivities of the

rop growth stages affected ( Doorenbos and Kassam, 1979; Jensen,

968 ) and may affect crop growth in terms of canopy and vege-

ative growth, stomatal conductance and photosynthesis, pollina-

ion and reproductive growth, root deepening, and canopy senes-

ence ( Steduto et al., 2012 ), and protein and gluten ratios ( Tari,

016 ). 

Non-linear representations generally suggest a curvilinear di-

inishing return relationship as actual water use approaches po-

ential water use ( Barrett and Skogerboe, 1980 ). The decreasing

ate of change relates to two discrete observations, the first re-

ating to field water supply and the second to evapotranspiration

nd an implicit assumption relating to the temporal distribution of

ater use. First, the increasing water use or application frequency

ssociated with approaching potential water use may relate to in-

reased inefficiencies such as evaporation, runoff, and deep perco-

ation ( Barrett and Skogerboe, 1980; English, 1990 ). Second, if the

emporal distribution of water is assumed to optimize crop yield,

hen accordingly the most sensitive growth stages would be sup-

lied water preferentially to relay a curvilinear diminishing rela-

ionship. 

The temporal distribution of water use may significantly affect

rop yield and subsequently the same seasonal water use may re-

ate to several significantly different crop yields. Therefore, to ap-

ropriately reduce the entire parameter space to a function of sea-

onal water use, there must be explicit assumptions relating sea-

onal water use to the temporal distribution of water use, i.e.,

here must be a function that maps seasonal water uses to tem-

oral distributions of water use. In this way, each seasonal water

se maps to a single crop yield. For example, assumptions may

e that the distribution of water deficit is optimized for max-

mum yield, or, the distribution of water deficit is evenly dis-

ributed among growth stages. We discuss assumptions relating

easonal water use and temporal distribution of water use in the

ethodology. 

Similarly, to approximate trends from field observations, only

 subset of the data observing similar conditions for the tem-

oral distribution of soil moisture should be used. Barrett and

kogerboe (1980) suggest using only the highest yields associ-

ted with each seasonal water use. In this way, the crop-water

roduction function represents the relationship of seasonal water

se and crop yield assuming optimal temporal distribution of soil

oisture. This assumption of optimizing the temporal distribution

f water use certainly represents the motivations of the irrigat-

ng farmer ( Barrett and Skogerboe, 1980 ), but assumes complete

gency over decisions related to the amount and timing of irri-

ation application. This “irrigation agency” is a function of gover-

ance, water accessibility and availability, infrastructure and tech-

ology, energy, and costs as they relate to the abstraction, distribu-

ion, and transmission of irrigation water. Farmers irrigating with

roundwater where costs, energy, resource availability, or regula-

ion are not prohibitive, generally have more facility to tailor both

he timing and amount of water than farmers irrigating with pub-

ic surface water schemes ( Dhawan, 1995; Llamas and Custodio,

003; Shah et al., 2003; Siebert and Döll, 2010; Smilovic et al.,

015 ). In contrast, assuming maximum irrigation agency may be

nappropriate for farmers subject to pre-defined irrigation sched-

les and amounts. Crop kites provide the context to explicitly

onsider the range of irrigation agencies available to the farmer

o more appropriately evaluate the optimal depth of irrigation

ater. 
(

.2. Crop coefficients 

Potential water use W p is a crop- and climate-specific reference

or total crop water use under standard and non-limiting agro-

omic factors ( Doorenbos and Pruitt, 1977 ). Actual water use W a 

s the total crop water use assuming non-limiting agronomic fac-

ors other than the amount and temporal distribution of available

oil moisture which may be limiting factors. 

Potential water use W p is often estimated with the use of a

rop coefficient, K C , a scaling term comparing evapotranspiration to

hat of a reference surface under similar climatic conditions, of-

en a uniform grass field ( Doorenbos and Kassam, 1979 ). K c can be

efined as a constant over the entire growing season, or as a non-

onstant function of time over the crop’s development. Potential

ater use over the duration of interest is calculated as: 

 p = 

∫ 
K c ( t ) · E T 0 ( t ) dt (1) 

here ET 0 is reference evapotranspiration ( Doorenbos and Kassam,

979 ). 

The construction of crop kites requires growth-stage-specific

alues for potential water use, but does not necessitate the use of

rop coefficients and can be substituted for more physically based

vapotranspiration estimation methods. Since the objective is to

stablish a simple and easily applicable methodology to determine

rop-water production functions, we elaborate on employing crop

oefficients in the case that such other methods or data are not

vailable. 

Crop growth can be broadly characterized into growth stages

 each with potential water use W p i and actual water use W a i .

he temporal distribution of seasonal water use as a time series is

epresented as a sequence ( 
W a 1 
W p 1 

, . . . , 
W a N 
W p N 

) of growth-stage-specific

elative water uses. Growth-stage-specific actual water use is the

roduct of growth-stage-specific potential water use and relative

ater use, namely 

 a i = 

∫ 
i 

K c · E T 0 ·
W a i 

W p i 

dt (2) 

Actual water use is the sum over the entire growing season of

ll growth-stage-specific actual water uses, namely 

 a = 

∑ 

i 

W a i (3) 

W a 
W p 

can be seen as function mapping a sequence of growth- 

tage-specific relative water uses ( 
W a 1 
W p 1 

, . . . , 
W a N 
W p N 

) to an overall sea-

onal relative water use. 

.3. Sensitivity-index functions 

Previous efforts ( Doorenbos and Kassam, 1979; Jensen, 1968;

irda, 2002; Raes et al., 2006 ; Zhang and Oweis, 1999 ) have ac-

nowledged the effects of the temporal distribution of water deficit

y attributing to each growth-stage a sensitivity index λi repre-

enting the relative sensitivity of the crop to water stress during

he growth-stage. Given the non-uniform distribution of growth-

tage sensitivities to water deficit, crop growth and associated crop

ield will respond to a deficit differently depending on how the

eficit is distributed throughout the growing season. It requires

wo functions, the sensitivity function f i that relates a growth-

tage-specific deficit to a reduction in crop yield, and the com-

ounding function c that relates the different growth-stage-specific

eductions in crop yield to an overall reduction in crop yield. Pre-

ious effort s ( Doorenbos and Kassam, 1979; Jensen, 1968; Kirda,

002; Tafteh et al., 2013 ) have defined these differently (Table S1)

discussed in the Supplementary material). 
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Fig. 1. The sequence of steps, or work flow, to map an element from D , the space of all possible distributions of seasonal water use, to an element on the crop kite . λi is the 

sensitivity-index function composed of sensitivity function f i and compounding function c. K c is the crop coefficient scaling reference evapotranspiration ET 0 . 
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Sensitivity-indices λi have been developed both generally and

as a function of cultivar type and climate ( Doorenbos and Kassam,

1979; Raes et al., 2006; Zhang and Oweis, 1999 ). General crop-

specific sensitivity-indices are suitable for regional- or large-scale

analyses assuming generalized crop conditions and the use of crop

cultivars that are well established in the associated growing condi-

tions ( Doorenbos and Kassam, 1979 ). Sensitivity indices provided

by Doorenbos and Kassam (1979) have been verified and com-

pared with locally-derived values to show good agreement, and

that cultivar-specific derived values will not deviate strongly from

the published values ( Raes et al., 2006 ). 

Growth-stage-specific relative water use and sensitivity index is

calculated in this paper using the product sensitivity function to

calculate growth-stage-specific relative yield, namely (
Y a 

Y p 

)
i 

= 1 − λi 

(
1 − W a i 

W p i 

)
(4)

where ( Y a Y p 
) i is growth-stage-specific relative yield. The sequence

of relative yields is related to an overall relative yield using the

multiplicative compounding function, namely 

Y a 

Y p 
= 

N ∏ 

i =1 

(
Y a 

Y p 

)
i 

= 

N ∏ 

i =1 

(
1 − λi 

(
1 − W a i 

W p i 

))
(5)

where potential yield Y p is the yield associated with potential wa-

ter use W p , and Y a is actual yield. In this way, Y a 
Y p 

can be seen as

function mapping a sequence of growth-stage-specific relative wa-

ter uses ( 
W a 1 
W p 1 

, . . . , 
W a N 
W p N 

) to an overall seasonal relative yield. The

multiplicative compounding function was recommended by Raes

et al. (2006) as it was shown to produce more reliable results

than other compounding functions compared in their analysis (dis-

cussed in the Supplementary material). 

3. Methodology 

3.1. General crop kite 

Crop kites are constructed by mapping the space of all possi-

ble distributions of water use to the plane relating relative sea-

sonal water use and relative yield. We first construct the space D
epresenting all possible distributions of seasonal water use. Each

rowth-stage is associated with a minimum relative water use T i 
elow which the crop experiences terminal moisture stress , defined

s the minimum threshold for soil moisture below which crop

rowth terminates and the overall yield is zero. The space D is

hen the allowable distribution of deficits that result in non-zero

verall yield. For example, given a crop with two growth stages

uch that growth-stage 1 has terminal moisture stress T 1 =0.5 and

rowth-stage 2 has terminal moisture stress T 2 =0.4, the space D

s [0.5, 1] × [0.4, 1]. A visual representation of D is provided in

ig. 1 . However, to map elements from this domain, it is necessary

o discretize D, namely 

 = 

{(
W a i 

W p i 

)
i 

∣∣∣W a i 

W p i 

∈ 

{ 

T i + x �d 

∣∣∣ x ∈ { 0 , 1 , . . . , 
1 − T i 
�d 

} 

}
(6)

here �d ≥ 0 is the discretization step. 

Every member of D is associated with a relative seasonal water

se and relative overall yield by interpreting W a 
W p 

and 

Y a 
Y p 

as func-

ions of D . The crop kite is the set of associated relative seasonal

ater uses and relative overall yields for all possible distributions

f seasonal water use, namely 

rop kite = 

{(
W a 

W p 
( d ) , 

Y a 

Y p 
( d ) 

)∣∣∣ d ∈ D 

}
(7)

The sequence of steps, or work flow, to map an element from

 , the space of all possible distributions of seasonal water use, to

n element on the crop kite is illustrated in Fig. 1 . Each temporal

istribution of water use in D is associated with both ( 1 ) a total

elative seasonal water use using the K c crop coefficients and ref-

rence evapotranspiration ET 0 , and ( 2 ) a relative crop yield using

he sensitivity-indices λi , sensitivity functions f i , and compounding

unction c . 

.2. Example: winter wheat crop kite 

To demonstrate the efficacy of the crop kite method in de-

ermining crop-water production functions, we construct the crop

ite for winter wheat using crop-specific sensitivity indices pro-

ided by the FAO ( Doorenbos and Kassam, 1979 ) and validated by

aes et al. (2006) . Wheat covers more land surface globally than
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Table 4 

Crop coefficients for winter wheat a . 

Growth-stage Length (days) K c i 

Initial 30 0 .4 b 

Crop development 80 0 .4–1.15 (linearly) 

Mid-season 40 1 .15 

Late season 30 1 .15–0.25 (linearly) 

a Raes et al. (2006) . 
b This value is taken from Doorenbos and Kassam (1979) . 

Table 5 

Sensitivity indices for winter wheat a . 

Growth-stage Length (days) λi 

Establishment 10 1 .0 

Vegetative 95 0 .2 

Flowering 25 0 .6 

Yield formation 35 0 .5 

Ripening 15 0 .2 

a Raes et al. (2006) . 
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Fig. 2. (a) Crop coefficient function, (b) daily reference evapotranspiration func- 

tion: derived daily evapotranspiration data from Raes et al. (2006) (dashed) and 

a quadratic fit (solid) (available at https://plot.ly/ ∼Mikhail/3007/ ), and (c) daily po- 

tential water use. 

Fig. 3. Winter wheat can be broadly characterized into five different growth stages, 

as presented in Table 5 . Actual water use is represented by the bottom color, and 

the associated deficit is represented with the upper color. This example represents 

a 78% relative seasonal water use distributed non-uniformly: 0%, 10%, 20%, 30%, and 

40% deficits occur in stages 1–5 accordingly. 
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p  
ny other cultivated crop ( Portmann et al., 2010 ) and is the third

argest produced in terms of weight ( Steduto et al., 2012 ). Winter

heat has been studied extensively for use with limited irrigation

ractices ( Ilbeyi et al., 2006; Iqbal et al., 2014; Jin et al., 2014; Mah-

ood et al., 2015; Oweis et al., 1998; Rezaverdinejad et al., 2014;

alemi et al., 2011; Tafteh et al., 2013; Tavakkoli and Oweis, 2004 ;

hang et al., 2013 ), and compared with spring varieties it may

roduce higher yields and be more resilient in moisture limiting

onditions ( FAO, 2016; Steduto et al., 2012 ). In general, the grow-

ng period for winter wheat may range from 180 to 315 days, and

vapotranspiration from 450 to 650 mm depending on climate and

ultivar ( Steduto et al., 2012 ). Raes et al. (2006) previously eval-

ated the sensitivity indices of Doorenbos and Kassam (1979) , as

ell as provided an analysis on the performance of various com-

ounding functions as they relate to winter wheat specifically ver-

fied with field observations from northern Tunisia with a Mediter-

anean climate typical of the West Asia–North Africa region ( Raes

t al., 2006 ). The data used to construct the example crop kite, in-

luding crop coefficients, sensitivity indices, and reference evapo-

ranspiration are derived from Raes et al. (2006) and presented in

ables 4 and 5 , and Fig. 2 . Notice that the stages relating to crop

oefficients and sensitivity indices need not be the same. Unless

therwise noted, for the following example “growth stages” refer

o those associated with the sensitivity indices. Crop growth stages

re a means of partitioning an uninterrupted process of crop devel-

pment for the purpose of recording growth, or to categorize seg-

ents of similar water use or sensitivities. Water use may remain

elatively constant once there is significant leaf mass and canopy

over, while the growing process may shift from stem elongation

o flowering to grain filling, each with a different response and

ensitivity to water deficit. 

Explicitly, K c as a function of time t is defined as: 

 c ( t ) = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

0 . 4 , t ∈ [ 0 , 30 ] , 

0 . 4 

(
1 − t − 30 

80 

)
+ 1 . 15 

(
t − 30 

80 

)
, t ∈ [ 30 , 110 ] , 

1 . 15 , t ∈ [ 110 , 150 ] , 

1 . 15 

(
1 − t − 150 

30 

)
+ 0 . 25 

(
t − 150 

30 

)
, t ∈ [ 150 , 180 ] . 

(8) 

Daily reference evapotranspiration representative of the 1999–

0 0 0 growing season (December 29–June 25) is derived from the

0-days reference evapotranspiration from Raes et al. (2006) by as-

uming equal daily evapotranspiration during each 10-days period
 Fig. 2 b). For simplicity, a quadratic approximation of the daily ref-

rence evapotranspiration is used ( R 2 =0.99) ( Fig. 2 b): 

 T 0 ( t ) = 0 . 0 0 0105 t 2 + 0 . 0113 t + 1 . 42 (9)

Fig. 2 presents the crop coefficient function, reference evapo-

ranspiration function and quadratic fit, and the function repre-

enting daily potential water use for winter wheat. 

Fig. 3 illustrates an example of actual water use throughout the

rowing season by filling in for each of the five growing periods,

he ratio of actual water use to potential water use; accordingly,

he associated deficits are represented in the unfilled upper space. 

We set the terminal moisture stress for each growth-stage to

e 0.40, generalizing the terminal moisture stress for each growth-

tage indicated for winter wheat by the FAO (2016) . In practice,

ach growth-stage may be attributed with a unique terminal mois-

ure stress, and we set them equal so as to not unnecessarily com-

licate the example. We set the discretization step to �d = 0.02.

https://plot.ly/3007/~Mikhail/
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Our domain D is then 

D = 

{(
W a 1 

W p 1 

, 
W a 2 

W p 2 

, 
W a 3 

W p 3 

, 
W a 4 

W p 4 

, 
W a 5 

W p 5 

)∣∣∣W a i 

W p i 

∈ { 0 . 40 , 0 . 42 , . . . , 1 } 
}

(10)

We map every element in D to its seasonal relative water use

by taking the ratio of actual water use and potential water use,

where K c and ET 0 are as defined explicitly above. Note that the

different lengths of growth stages associated with the crop coef-

ficients and sensitivity-indices must be dealt with carefully in the

following calculation. 

Actual water use: 

 a = 

∫ 10 

1 

0 . 4 · E T 0 · W a 1 

W p 1 

dt + 

∫ 30 

11 

0 . 4 · E T 0 · W a 2 

W p 2 

dt 

+ 

∫ 105 

31 

(
0 . 4 

(
1 − t − 30 

80 

)
+ 1 . 15 

(
t − 30 

80 

))
· E T 0 · W a 2 

W p 2 

+ 

∫ 110 

106 

(
0 . 4 

(
1 − t − 30 

80 

)
+ 1 . 15 

(
t − 30 

80 

))
· E T 0 · W a 3 

W p 3 

dt 

+ 

∫ 130 

111 

1 . 15 · E T 0 · W a 3 

W p 3 

dt + 

∫ 150 

131 

1 . 15 · E T 0 · W a 4 

W p 4 

dt 

+ 

∫ 165 

151 

(
1 . 15 

(
1 − t −150 

30 

)
+ 0 . 25 

(
t −150 

30 

))
· E T 0 · W a 4 

W p 4 

dt 

+ 

∫ 180 

166 

(
1 . 15 

(
1 − t −150 

30 

)
+ 0 . 25 

(
t −150 

30 

))
· E T 0 · W a 5 

W p 5 

dt 

(11)

Potential water use: 

 p = 

∫ 180 

1 

K c · E T 0 dt (12)

Similarly, we map every element in D to its seasonal relative

yield: 

Y a 

Y p 
= 

(
1 − 1 . 0 

(
1 − W a 1 

W p 1 

))
·
(

1 − 0 . 2 

(
1 − W a 2 

W p 2 

))

·
(

1 − 0 . 6 

(
1 − W a 3 

W p 3 

))
·
(

1 − 0 . 5 

(
1 − W a 4 

W p 4 

))

·
(

1 − 0 . 2 

(
1 − W a 5 

W p 5 

))
(13)

The crop kite is the space of all associated relative water uses

and relative yields, where association implies that an element of D

maps to both the relative water use and relative yield. 

3.3. Developing crop kite subsets and crop-water production 

functions with weak and strong assumptions 

The crop kite can be collapsed into smaller subsets and even-

tually into crop-water production functions given certain assump-

tions about the distribution of seasonal water use. Subsets and the

crop-water production function demonstrate how crop yield poten-

tial may be affected assuming scenarios related to the distribution

of water use. Without explicit assumptions relating to the temporal

distribution of water use, previous effort s have merely patched to-

gether disparate subsections of the resulting solution space, trivial-

izing the realities of the relationship between water use and yield.

With crop kites, two classes of assumptions can be used to de-

velop subsets and extract crop-water production functions, namely

“weak” and “strong” assumptions accordingly. Weak assumptions

characterize only sections of the water distribution for the growing

season; for example, there is no water deficit in the first growth-

stage. Strong assumptions characterize the entire growing season;
or example, the water deficit is evenly distributed between the

rowth stages. Explicitly, weak assumptions restrict the domain D ,

nd strong assumptions define a function that maps seasonal water

ses to temporal distributions of water use. Developing crop-water

roduction functions explicitly acknowledging constraints associ-

ted with the proposed irrigation schedule allows for a more ap-

ropriate evaluation of the potential of a limited irrigation practice

iven the realities of the agricultural economy. 

In the following section, we present subsets of the crop kite for

inter wheat associated with the following weak (W) assumptions

nd crop-water production functions associated with the following

trong (S) assumptions: 

• W1. i There is maximum deficit in growth-stage i. 
• W2. i . There is no deficit in growth-stage i . 
• S1. The distribution of deficit is optimized for maximum yield. 
• S2. The deficit is evenly distributed. 
• S3. Water use is allocated preferentially from the first to fifth

growth-stage. 

. Results and discussion 

.1. Crop kite 

The crop kite acknowledges the timing of water deficit on crop

ield: every point on the crop kite is related to at least one tem-

oral distribution of a seasonal water use. The crop kite for winter

heat presented in Fig. 4 illustrates the potential range of relative

rop yield related to each relative seasonal water use; for example,

0% seasonal water use relates to between ∼20% and 90% of rel-

tive crop yield. Fig. 4 presents a variety of examples illustrating

he effects of the temporal distribution of water use on crop yield.

.2. Subsets 

.2.1. Growth-stage-specific assumptions 

It may be of interest to make assumptions related to specific

rowth stages, and evaluate the response of the crop kite. To fur-

her explain, we elaborate on assumptions W1.1 and W2.1, illus-

rated in the top row of Fig. 5 in the context of the encompassing

rop kite, where maximum water deficit (water deficit just above

erminal water stress) and no water deficit respectively occur in

rowth-stage 1. Maximum water deficit in growth-stage 1 relates

o 0.6% of potential water use, and a 60% reduction in potential

ield. Securing water-stress free conditions in the initial growth-

tage secures crop yield to a minimum relative yield of 35% assum-

ng no terminal moisture stress in the subsequent growth stages,

hat is, increasing the minimum yield by 21% as compared to the

ncompassing crop kite. These assumptions highlight the signifi-

ant benefits from the controlled application of water in the ini-

ial growth stages under soil moisture-limited conditions. Assump-

ions W1.1–W1.5 and Figs. 5 and 6 a illustrate the scenario where

aximum water deficit occurs in a particular growth-stage, for ex-

mple, either from insufficient precipitation or unavailable, insuffi-

iently allocated, or poorly scheduled irrigation water. Assumptions

2.1–W2.5 and Fig. 5 and 6 b illustrate the scenario where water

se meets potential water use for a particular growth-stage. Eval-

ating assumptions relating to one or multiple growth stages can

acilitate preliminary decision-making related to irrigation schedul-

ng, and provide a partial collapse of the crop kite to understand

ow combinations of stresses across different growth stages may

imit or support potential options for crop-water production func-

ions, discussed in the following section. 

.2.2. Crop-water production functions 

Collapsing the crop kite into crop-water production functions

s valuable in demonstrating how yield may respond to changes
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Fig. 4 . Crop kite for winter wheat. Relative water use is on the x -axis and relative yield is on the y -axis. Each point on the crop kite is associated with a temporal distribution 

of water use, visualized similarly to Fig. 3 . The six highlighted points were chosen to provide a diversity of examples, described as follows: (a) 30% deficit evenly distributed; 

(b) 22% deficit distributed as 0%, 10%, 20%, 30%, and 40%; (c) 0% deficit; (d) 10% deficit evenly distributed; (e) 23% deficit distributed as 30%, 10%, 0%, 50%, and 20%; and (f) 

60% deficit evenly distributed. 
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n water use assuming particular distributions of water use. This

ethod of constructing the crop-water production function im-

roves upon previous effort s by associating the temporal distribu-

ion of seasonal water use to each point along the function. Ex-

mples of different functions associated with the aforementioned

trong assumptions are discussed below and presented in Fig. 7 ,

hich are available online as interactive graphs connecting each

oint along the curve with its temporal distribution (links in the

gure caption). 

Assumption S1 considers the scenario where water use is dis-

ributed to maximize crop yield ( Fig. 7 a). This extracted crop-

ater production function agrees with previous effort s defining the

hape as a diminishing curvilinear function. This assumes maxi-

um irrigation agency and subsequently the ability to intimately

anage irrigation water, both in terms of amount and temporal

istribution. This scenario may best represent farmers irrigating

ith sufficiently available groundwater abstracted with privately

wned wells. 

Assumption S2 considers the scenario where water deficit

s distributed evenly between the growth stages ( Fig. 7 b). This
cenario may represent agricultural communities employing a

hared irrigation system with limited water and a fixed rotating

chedule. 

Assumption S3 considers the scenario where water use is dis-

ributed preferentially from the first to the fifth growth stages

 Fig. 7 c). This scenario may represent an agricultural community

ith a shared irrigation system with limited water and without

ppropriation limits. The scenario may encourage opportunistic be-

avior and is vulnerable to encouraging a pumping or abstraction

ace towards the beginning of the season (the example illustrated

ssumes that enough water is available to avoid terminal mois-

ure stress in later stages). This may result in all farmers meet-

ng potential water use until the water has been fully appropri-

ted. However, as compared to adopting a fixed rotation schedule

ssociated with assumption S2 and distributing the deficit evenly,

ssumption S3 always simulates higher yields. Depending on the

osts associated with adopting certain irrigation distribution pat-

erns and the related benefits, such as the costs and benefits of

dopting and enforcing regulations related to irrigation distribu-

ion, the agricultural economy can compare the collapsed crop
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Fig. 5. (W1. i ) Subsets of the crop kite that assumes a maximum deficit in a growth-stage i . (W2. i ) Subsets of the crop kite that assumes no water deficit in growth-stage i . 

The lighter background for each subset is the full crop kite as shown in Fig. 4 . 

 

 

 

 

i  

m  
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kites to best evaluate the most appropriate and cost-optimized

developments. 

There have been significant efforts to characterize the shape of

the crop-water production function in the literature, as discussed

in Sections 1 and 2.1 , and assumption S1 agrees with characteriz-
ng the shape as a diminishing curvilinear function assuming maxi-

um irrigation agency. However, none of the presumed variety in-

ludes the resulting shapes of assumptions S2 and S3, which do

ot conform to the general linear or diminishing curvilinear fits.

t can thus be generalized that previous effort s largely attempted
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Fig. 6. (a) Subsets of the crop kite that assume a maximum deficit in the associated growth-stage; this is an overlaying of the figures in the left column of Fig. 5 , (b) subsets 

of the crop kite that assume no deficit in the associated growth-stage; this is an overlaying of the figures in the right column of Fig. 5. 
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Fig. 7. Crop-water production functions (S1) maximum yield: deficit optimized for 

maximum yield, (S2) deficit evenly distributed, and (S3) water use allocated prefer- 

entially from first to fifth growth-stage. Interactive plots associating with each point 

its temporal distribution of water use are available at (a) https://plot.ly/ ∼Mikhail/ 

3052 , (b) https://plot.ly/ ∼Mikhail/3068 , and (c) https://plot.ly/ ∼Mikhail/3071 . 
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r  
to characterize the crop-water production function only associated

with maximizing crop yield. This assumption constructs an appro-

priate collapse of the crop kite, but unless maximum irrigation

agency is representative of the associated agricultural economy, the

function will inappropriately represent the realities of the water

use and yield relationship. It is essential to consider the effect of

varying levels of farm water management and irrigation agency on

crop yield for water managers and policy makers to evaluate devel-

oping and supporting the necessary infrastructure for supplemen-

tal irrigation. 
Crop-water production functions determined with assumptions

elated to the irrigation schedule are most appropriate for evaluat-

ng contexts where irrigation is a significant component of crop

ater use, such as in arid and semi-arid environments. Deter-

ining the crop-water production function for contexts evaluat-

ng supplemental irrigation for mainly precipitation-fed agriculture

ecessitates acknowledging the inherent variability in the distri-

ution of precipitation. However, this requires integrating the dis-

ussed methodology with a crop growth–soil water balance model

o articulate the response of soil moisture to precipitation, irri-

ation, and crop evapotranspiration. Nevertheless, consistent with

ur motivations for evaluating limited irrigation practices with lim-

ted data, crop kites can still be an accessible tool for preliminary

valuations. 

Irrigation decisions may also relate to and be supported by

ther initiatives to increase agricultural and water productivity

ncluding nutrient- and pest-management; the automation and

echanization of monitoring and decision making, and the adop-

ion of precision technologies; crop selection and breeding through

oth conventional and molecular techniques; fostering soil health

nd limiting erosion through different tillage practices and crop ro-

ations; and shifting planting dates. Further increases in produc-

ivity and quality will necessitate exploring a diverse portfolio of

echnologies and initiatives, and adopting those most appropriate

or the associated agroclimatic, socioeconomic, and environmental

onditions. 

Isolating subsets with weak assumptions related to the average

r problematic distribution of evapotranspiration illustrates the po-

ential effects of not addressing deficits not satisfied by precipita-

ion during different or collective growth stages. Crop-water pro-

uction functions relating to potential irrigation schedules appro-

riate for the agricultural economy may relate to worst-case sce-

arios, appropriate for evaluating irrigation buffering during times

f climatic variability. 

. Conclusions 

Deficit and supplemental irrigation may be appropriate initia-

ives to increase agricultural and water productivity, and to buffer

he vulnerabilities of precipitation-fed agriculture. Crop kites are a

ool to evaluate the potential of irrigation practices under water-

imiting conditions, wherein crop yield is determined both by the

mount and temporal distribution of water use. Previous effort s

ave attempted to characterize the crop-water production function

s function of seasonal water use while not acknowledging the ef-

ects of the temporal distribution of water use, or simply assuming

aximum irrigation agency. In this way, the interpretation com-

romises the very capacity of the function to evaluate the multi-

bjective optimization that motivated its development. Crop kites

rovide the context to evaluate the optimal depth of irrigation wa-

er by acknowledging the variation in crop yields associated with

ach seasonal water use. 

The crop- and region-specific crop kite is the complete space

f the seasonal water use-crop yield relationship, and a diagnos-

ic tool if coupled with an understanding of the current or pro-

osed temporal distributions of water use. Previous studies have

ade effort s to determine generalized fits for crop-water produc-

ion functions, however, each shape is inherently associated with

n assumption on the temporal distribution of seasonal water use.

he assumed fit of crop-water production functions to diminishing

urvilinear functions, inherently assuming an optimized distribu-

ion, may be aligned with the motivations of maximizing possible

gricultural and water productivity, but is only appropriate if the

egion and irrigation practitioners have the capacity to manage ex-

ctly the timing and amount of irrigation water. The graphical rep-

esentation of the crop kite is a corollary of constructing the crop

https://plot.ly/~Mikhail/3052
https://plot.ly/~Mikhail/3068
https://plot.ly/~Mikhail/3071
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ite to then tease apart the appropriate and representative one-

imensional crop-water production functions. 

In this study, we provided the following novel contributions: 

(1) Crop kites are a tool to easily determine appropriate crop-

and region-specific crop-water production functions that de-

pend on the temporal distribution of water use and are

constructed using generally accessible data: reference evap-

otranspiration, and growth-stage-specific sensitivity-indices 

and crop coefficients. 

(2) Crop-water production functions are not necessarily dimin-

ishing curvilinear functions ( Fig. 7 b and c), and the shape

depends on the associated assumptions relating to irrigation

agency and temporal distribution of water use, made explicit

in this paper. 

(3) Crop kites illustrate the non-unique relationship between

seasonal water use and crop yield and acknowledge both ir-

rigation agency and the temporal distribution of water use. 

(4) Subsets of the crop kite illustrate how assumptions relating

to particular growth stages affect the seasonal water use-

crop yield relationship. 

The evaluation of agricultural production under water-limiting

onditions necessitates acknowledging the range of crop yields as-

ociated with a single seasonal water use. Agricultural commu-

ities are able to determine their current position on the crop

ite, and evaluate the necessary increases in either seasonal wa-

er use or irrigation agency to meet certain production goals. As-

uming temporal distributions that optimize crop yield, in isola-

ion of the encompassing crop kite, represents only an agricultural

conomy where farmers can immediately manage both the amount

nd timing of water use. This assumption in the context of the

rop kite, however, allows the relevant agricultural community to

valuate the necessary expansions in irrigation agency and asso-

iated costs. Crop kites are a tool to more appropriately evaluate

rrigation scheduling, water management, economically optimal ir-

igation depths, water and agricultural productivity, and assessing

eficit and supplemental irrigation. 
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